Abstract. The aim of this work is to find some exact sequences on the cnilpotent multiplier of a group G. We also give an upper bound for the cnilpotent multiplier of finite p-groups and give the explicit structure of groups whose take the upper bound. Finally, we will get the exact structure of the cnilpotent multiplier and determine c-capable groups in the class of extra-special and generalized extra-special p-groups. It lets us to have a vast improvement over the last results on this topic.
introduction and motivation
Let G be a group presented as the quotient F/R of a free group F by a normal subgroup R. The c-nilpotent multiplier of G is defined as
is the Baer invariant of G with respect to the variety of nilpotent groups of class at most c in which γ c+1 (F ) is the (c + 1)-th term of the lower central series of F and γ 1 (R, F ) = R, γ c+1 (R, F ) = [γ c (R, F ), F ], inductively. The c-nilpotent multiplier of G was born in the work of Baer [1] (see also [5, 6, 12, 23] for more details in this topic). It is readily verified that the c-nilpotent multiplier M (c) (G) is abelian and independent of the choice of the free presentation of G (see [22] ). The 1-nilpotent multiplier of G is denoted by M(G) and it is called the Schur multiplier of G. There are many stories involving this concept and it can be found for instance in [2, 9, 10, 19, 20, 21, 29, 30, 34] . The main reason to study the c-nilpotent multiplier comes from the isologism theory of P. Hall [14, 15] . It is an instrument for classification of groups into isologism classes. Some results about the Baer invariant can be found in [5, 6, 12, 23, 24, 26, 27, 28] .
The aim of paper is to obtain some more inequalities on the c-nilpotent multiplier of a finite p-group G. For instance, among the results for non-abelian p-groups, we give a vast improvement over the result due to Moghaddam [26, 28] . The results also gives an extension of the results obtained recently in [32] . In the class of extraspecial p-groups and generalized extra-special p-groups, we characterize the explicit structure of the c-nilpotent multiplier. In the other direction, it seems finding a suitable upper bound may be useful to know more about the c-nilpotent multiplier and c-capability of groups. It is shown in [27, 28] that for a p-group G of order p n ,
Using this inequality and Corollary 2.10 we have |M (c) (G)| is bounded by p χc+1(n−1) , where c ≥ 2. We will show that the bound is attained exactly when G is elementary abelian similar to the result of [2, Corollary 2] due to Berkovich. Although we will reduce the upper bound as much as possible in the case of non-abelian p-groups, and as a result we will generalize the work of Berkovich [2] to the c-nilpotent multipliers of finite p-groups. Finally we are able to identify which of generalized extra-special p-groups are c-capable. It also generalizes the result about the capability and 2-capability of extra-special p-groups in [4, 32] .
Preliminaries
In this section, we state the concepts and results which will be used in the next sections. Notation. We use techniques involving the concept of basic commutators. Here is the definition. Let X be an arbitrary subset of a free group, and select an arbitrary total order for X. The basic commutators on X, their weight wt, and the order among them are defined as follows:
(i) The elements of X are basic commutators of weight one, ordered according to the total order previously chosen. 
where µ(m) is the Möbius function, which is defined to be
where the p i , 1 ≤ i ≤ k, are the distinct primes dividing m. 
is a free abelian group freely generated by the basic commutators of weights n, n + 1, . . . , n + i − 1 on the letters {x 1 , x 2 , . . . , x d }.
Recall that from [5] if N is a normal subgroup of G, then we can form the nonabelian tensor product (N ⊗ G) ⊗ G. Therefore N ⊗ c G is defined recursively by
Here we give some results concerning M (c) (G) which are used in the proof of the main results. This result are proved in [27] for any variety, but we need them only for the variety of nilpotent groups of class at most c. 
Since
It follows that
For a group G, the quotient G/G ′ is denoted by G ab .
Lemma 2.5. Let G be a finite group and
Proof. Define
T . This follows that θ is well-defined. Therefore there exists a unique homomorphism
.
By Theorem 2.3 and its proof,
we have
Finally by Lemma 2.4,
We just need the results of the next three propositions, so they come without proof.
Proposition 2.7. [5, Theorem 2.6] Let G be a group and B be a central subgroup of G. Then the sequence
G. Ellis in [7] has generalized the formula of M. R. R. Moghaddam in [26] , for the c-nilpotent multiplier of the direct product of two groups. In the next theorem Γ c+1 (A,
, (with any bracketing), we correspond an iterating tensor product
is the direct sum of all such iterated tensor products involving at least one A and one B. (See [7] for more information).
Proposition 2.8. [7, Theorem 5] Let G and H be finite groups. Then there is an isomorphism
denote the direct product of m copies of Z n .
Where χ r (s) is the number of all basic commutators of weight r on s letters.
c-nilpotent multipliers of finite p-groups
In this section, we intend to obtain an upper bound for the order of the cnilpotent multiplier of a finite p-group. While we're working on the p-groups, the extra-special p-groups can not be overlooked. At first, we compute the c-nilpotent multipliers of these groups. The following theorem of Beyl et al. to see the analogies between the Schur multiplier and the c-nilpotent multiplier of extra-special p-groups (see Theorem 3.8). The concept of epicenter Z * (G) is defined by Beyl et al. in [4] . It gives a criterion for detecting capable groups. In fact G is capable if and only if Z * (G) = 1. Ellis in [8] defined the exterior center Z ∧ (G) of G the set of all elements g of G for which g ∧ h = 1 G∧G for all h ∈ G and he showed Z * (G) = Z ∧ (G). Using the next lemma, the c-nilpotent multiplier of non-capable extra-special pgroups can be easily computed. 
Proof. Since G is a non-capable extra-special p-group, Z * (G) = G ′ . Now by virtue of Proposition 2.7, the sequence
is exact. The rest of proof is obtained by the fact that G is nilpotent of class 2 and Im τ = 0. Therefore 
Proof. By Corollary 2.10 and Theorem 3.3, we have
There are only two capable extra-special p-groups, D 8 and E 1 , in which E 1 is the extra-special p-group of order p 3 and exponent p for odd p, in [4] . In the following we compute M (c) (E 1 ) which has the following presentation.
in which F is the free group on the set {x, y}
We know that
is the free abelian group with the basis of all basic commutators of weights c + 1 and c + 2 on {x, y}, by Theorem 2.2.
Theorem 3.5. With the above notations and assumptions we have
Proof. Using induction on c, the result is true for c = 2 ([32, Theorem 2.6]). Assume that the result holds for c ≥ 2. By hypothesis, we have
Theorem 3.6. With that above notations and assumptions we have
Proof. By Theorem 2.2, we know that
is the free abelian group with the basis of all basic commutators of wight c + 1 and c + 2 on {x, y}. By Theorem 3.5,
so the result holds. 
, then
where D n is dihedral group of order 2n.
It is known that
. Also we know that E 2 , the extra-special p-group of order p 3 and exponent p 2 for odd p, and Q 8 are not capable groups, so we can summarize the explicit structure of the c-nilpotent multipliers of all extra-special p-groups as follows, for c ≥ 2.
Theorem 3.8. Let G be an extra-special p-group of order p 2n+1 and c ≥ 2.
(ii) Suppose that G of order p 3 and p is odd. Then
(iii) The quaternion group of order 8,
as c-nilpotent multiplier and the c-nilpotent multiplier of the dihedral group of order 8,
In the proof of some of next theorems, we need to work with the c-nilpotent multiplier of finite abelian p-groups. For abelian p-groups we have.
Proof. Using Corollary 2.10, we have
It is easy to see that S(n : 1, . . . , 1) = χ c+1 (n) and S(n : 2, 1, . . . , 1) = χ c+1 (n − 1). Assume that for some j, we have m j > 1 an straightforward computation shows that
which is negative. Hence the maximum value of S(k : m 1 , . . . , m k ) is S(n : 1, . . . , 1) and the next largest value of S(k : m 1 , . . . , m k ) is S(n − 1 : 2, 1, . . . , 1).
Here we recall the notion of central product of two groups. We denote the central product of two groups A and B by A · B.
Recall that a group G is said to be minimal non-abelian if it is non-abelian but all its proper subgroups are abelian. The number minimal generators of group of G and the Frattini subgroup of G are denoted by d(G) and Φ(G), respectively. This lemma gives information on minimal non-abelian p-groups. 
For p-groups with small derived subgroup we have: The order of the c-nilpotent multiplier of a finite p-group depends somehow on the order of its derived subgroup. 
c . (2) and the equality holds in last one if and only if
In particular, if |G
Proof. Let G be an arbitrary non-abelian p-group of order p n . We proceed by induction on m. The case m = 1 follows from Lemma 3.13. Therefore, we may assume that m ≥ 2. Let B a central subgroup of order p in G ′ , by Theorem 2.6, we have
Using induction hypothesis
and so
which completes the proof.
c-Capability of extra-special p-groups
. The first study of the capability of extra-special p-groups was by Beyl et al. in [4] . They showed that in extra-special p-groups, only E 1 and D 8 are capable. Recently the last two authors, proved that for extra-special p-groups, the notions "capable" and "2-capable" are equivalent. Here we generalize it and show that for these groups, "capability" and "c-capability" are equivalent. Recall that if G is a c-capable group, that is G ∼ = E/Z c (E) for some group E; then G ∼ = 
